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Abstract. The purpose of these notes is to serve as introduction to the study of the Bergman
projection induced by a radial weight. It has been written in such a way that the access to
the topic would be as easy as possible for a researcher who is not familiar with the topic.
The main aim is to present a detailed proof of the following result: Let ω be a radial weight.
Then, the orthogonal Bergman projection Pω is bounded from L8pDq to the classical Bloch
space B if and only if

sup
0¤r 1

³1
r
ωpsq ds

³1
1�r
2

ωpsq ds
  8.

We will also present an extension of this result which have been recently published in [13,
Theorem 1].
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1. Introduction

Let HpDq denote the space of all analytic functions in the unit disc D � tz : |z|   1u. For
f P HpDq and 0   r   1, let

Mppr, fq �

�
1

2π

» 2π

0
|fpreitq|p dt


1{p

, 0   p   8,

denote the Lp-means of |f | on the circle of radius r centered at the origin, and let

M8pr, fq � sup
|z|�r

|fpzq|

stand for the maximum modulus function. For 0   p ¤ 8, the Hardy space Hp consists of
f P HpDq such that

}f}Hp � sup
0 r 1

Mppr, fq   8.

Standard references for the theory of Hardy spaces are [2, 4].
A nonnegative integrable function ω on the unit disc D is called a weight. It is radial if

ωpzq � ωp|z|q for all z P D. For 0   p   8 and a weight ω, the weighted Lebesgue space Lpω
consists of (Lebesgue) measurable functions f : DÑ C such that

}f}p
Lpω

�

»
D
|fpzq|pωpzq dApzq   8,
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where

dApzq �
1

π
dx dy � dθr dr, z �� x� iy � reiθ,

is the normalized element of the Lebesgue area measure on D. The Bergman space Apω is
Lpω XHpDq.

Throughout this paper we assume pωpzq � ³1
|z| ωpsq ds ¡ 0 for all z P D, for otherwise

Apω � HpDq. We shall use that pωprq is a non-increasing function in r0, 1q. As usual, we write Lpα
and Apα for the standard weighted Lebesgue and Bergman spaces induced by the radial weight
p1� αqp1� |z|2qα, where �1   α   8 [3, 5, 15]. We write dAαpzq � 1� αqp1� |z|2qαdApzq.

For each measurable set E � D, we denote ωpEq �
³
E ωpzq dApzq for short. We recall that

the Bloch space B [1] consists of f P HpDq such that

}f}B � sup
zPD

|f 1pzq|p1� |z|2q � |fp0q|   8.

The following result is proved in [15, Chapter 5].

Theorem A. For any �1   α   8 let us consider the Bergman projection

Pαpfqpzq �

»
D

fpζq

p1� zζq2�α
dAαpζq, f P L1

α, z P D.

Then, Pα : L8 Ñ B is bounded and onto.

Question 1: What does mean this result?

Lemma 1. Let ω be a radial weight and 0   p   8. Then, }�}Apω convergence implies uniform
convergence on compact subsets of D.

Proof. By the well-known inequality [15, Theorem 9.1]

|fpuq|p ¤
}f}pHp

p1� |u|2q
¤

}f}pHp

p1� |u|q
, u P D,

applied to dilated function f
�

1�|z|
2 u

	
, z P D. It follows

����f �1� |z|

2
u


����p ¤ Mp
p

�
1�|z|

2 , f
	

1� |u|
, u P D.

So, taking u � 2z
1�|z| ,

|fpzq|p ¤ 2
Mp
p

�
1�|z|

2 , f
	

1� |z|
¤ 4

³1
1�|z|

2

Mp
p ps, fqsωpsq ds

p1� |z|qpω �1�|z|
2

	 ¤ 4
}f}p

Apω

p1� |z|qpω �1�|z|
2

	 .
Therefore, if 0   r   1,

sup
|z|¤r

|fpzq|p ¤ 4
}f}p

Apω

p1� rqpω �1�r
2

� ,
which implies that uniform convergence on compact subsets of D. �

Let τ0 the induced topology by the uniform convergence on compact subsets of D.

Corollary 2. Let ω be a radial weight and 0   p   8. Then,

(i) The point evaluation Lzf � fpzq, z P D, are bounded linear functionals and A2
ω is a

closed subspace of L2
ω. Therefore, there exist unique tBω

z uzPD � A2
ω such that

fpzq � xf,Bω
z yA2

ω
�

»
D
fpζqBω

z pζqωpζqdApζq, z P D, f P A2
ω. (1.1)

The family of tBω
z uzPD are called the (Bergman) reproducing kernels of A2

ω.
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(ii) There exists the orthogonal projection Pω from L2
ω to A2

ω. Moreover,

Pωpfqpzq �

»
D
fpζqBω

z pζqωpζqdApζq, f P L2
ω. (1.2)

Proof. (i). Apply Lemma 1 to the compact tzu � D to deduce that point evaluation Lzf �
fpzq, z P D, are bounded linear functionals. A2

ω is a closed subspace of L2
ω by Lemma 1 and

the fact that pHpDq, τ0q is complete. Then Riesz representation theorem applied to the Hilbert
space A2

ω give the existence of (unique) tBω
z uzPD � A2

ω such that (1.1) holds.
(ii). Since A2

ω is a closed subspace of L2
ω, there exists the orthogonal projection Pω from

L2
ω to A2

ω. Moreover, since Pω � P �
ω

Pωpfqpzq � xPωpfq, B
ω
z yL2

ω

� xf, PωpB
ω
z qyL2

ω

� xf,Bω
z yL2

ω
�

»
D
fpζqBω

z pζqωpζqdApζq, z P D, f P L2
ω.

�

Question 2:: Which are the radial weights such that Pω : L8 Ñ B is bounded
and/or onto?

Theorem 3. Let pX, } � }Xq a Hilbert space of analytic functions such that for any compact
subset K � D there is a constant C � CpK,Xq ¡ 0 such that

sup
zPK

|fpzq| ¤ C}f}X , f P X.

Then, the reproducing kernels tKX
a uαPD satisfy

KX
a pzq �

8̧

n�0

enpzqenpaq, a, z P D,

for any orthonormal basis tenu
8
n�0 of X. Moreover, the convergence is absolute and uniform

on compact subsets of D.

Proof. Follow the lines of [15, Theorem 4.19]. �

Consequently, the Bergman reproducing kernels tBω
z uzPD, induced by a radial weight ω, can

be written as Bω
z pζq �

°
enpzqenpζq for each orthonormal basis tenu of A2

ω, and therefore using
the basis induced by the normalized monomials enpzq �

zn

}zn}
A2
ω

� znb
2
³1
0 r

2n�1ωprq dr
, n P NYt0u,

Bω
z pζq �

8̧

n�0

pzζqn

2ω2n�1
, z, ζ P D. (1.3)

Here ω2n�1 are the odd moments of ω, and in general from now on we write ωx �
³1
0 r

xωprq dr
for all x ¥ 0. We shall use throughout these notes that

(i) ωx ¤ ωy for any 0 ¤ y ¤ x   8;
(ii) For each k ¡ 0 and ω a radial weight, there is C � Cpω, kq such that

ωx�k ¤ ωx ¤ Cωx�k, x ¥ 0.

If ωpzq � pα� 1qp1� |z|2qα, then (see [15, Corollary 4.20])

Bω
z pζq � Bα

z pζq �
1

p1� z̄ζq2�α
, z, ζ P D.

By and large, the Bergman reproducing kernels Bω
z do not have a neat formula, so we are

forced to deal with the expression (1.3) to tackle our question.
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Lemma B. Hardy’s inequality. [2, p. 48]. For any fpzq �
°8
n�0

pfpnqzn P HpDq,
8̧

n�0

| pfpnq|
n� 1

¤ π}f}H1 .

The next result is known for experts in the topic, however, as fas as I know, the next proof
does not appear in any published paper.

Proposition 4. Let ω be a radial weight, then Pω is not bounded from L8pDq to H8.

Proof. The operator Pω is bounded from L8pDq to H8 if there is C � Cpωq ¡ 0 such that

sup
zPD

����»
D
fpζqBω

z pζqωpζqdApζq

���� ¤ C}f}L8pDq, f P L8pDq.

For each a P D, consider the function

fapζq �

#
Bωa pζq
|Bωa pζq|

if Bω
a pζq � 0

0 if Bω
a pζq � 0

.

Then, for each a P D»
D
|Bω

a pζq|ωpζqdApζq �

»
D
fapζqBω

a pζqωpζqdApζq

¤ sup
zPD

����»
D
fapζqBω

z pζqωpζqdApζq

���� ¤ C}fa}L8pDq � C.

That is,

sup
aPD

»
D
|Bω

a pζq|ωpζqdApζq   8. (1.4)

On the other hand, it is clear that Pω is bounded from L8pDq to H8 if (1.4) holds.
Let us see that (1.4) never happens. Using (1.3) and Hardy’s inequality, for each a P Dzt0u»

D
|Bω

a pζq|ωpζqdApζq � 2

» 1

0
M1pB

ω
a , sqsωpsq ds

¥ 2π

» 1

0

�
8̧

n�0

sn|a|n

2pn� 1qω2n�1

�
sωpsq ds

� π
8̧

n�0

|a|n

pn� 1qω2n�1

» 1

0
sn�1ωpsq ds

� π
8̧

n�0

|a|nωn�1

pn� 1qω2n�1
¥ π

8̧

n�0

|a|n

n� 1
�

π

|a|
log

�
1

1� |a|



,

Therefore, supaPD
³
D |B

ω
a pζq|ωpζqdApζq � 8. This finishes the proof. �

2. A necessary condition. The class of radial upper doubling weights

Throughout these notes, the letter C � Cp�q will denote an absolute constant whose value
depends on the parameters indicated in the parenthesis, and may change from one occurrence
to another. If there exists a constant C � Cp�q ¡ 0 such that a ¤ Cb, we will write either
a . b or b & a. In particular, if a . b and a & b, then we will write a � b.

Proposition 5. [13, Theorem 1] Let ω be a radial weight such that Pω : L8pDq Ñ B is
bounded, then

sup
nPN

ωn
ω2n

  8.
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Proof. The boundednes of Pω from L8pDq to H8 is equivalent to the inequality����»
D
fpζqBω

0 pζqωpζqdApζq

�����sup
zPD

p1�|z|2q

����»
D
fpζq

�
Bω
z pζq

	1
ωpζqdApζq

���� ¤ Cpωq}f}L8pDq, f P L8pDq.

So, arguing as in Proposition 4, this is equivalent to

}Pω}L8pDqÑB � }Bω
0 }A1

ω
� sup

zPD
p1� |z|2q

»
D

��pBω
ζ q

1pzq
��ωpζq dApζq. (2.1)

Therefore, (2.1), (1.3) and Hardy’s inequality yield

8 ¡ sup
zPD

p1� |z|2q

»
D

��pBω
ζ q

1pzq
��ωpζq dApζq & sup

zPD
p1� |z|2q

8̧

n�1

|z|n�1n

ω2n�1

1

n

» 1

0
rn�1ωprq dr

¥ sup
zPD

p1� |z|q

����� 8̧
n�0

ωn�2

ω2n�3
zn

����� ¥ sup
NPN

1

N

Ņ

n�0

ωn�2

ω2n�3

�
1�

1

N


n
& sup

NPN

1

N

Ņ

n�0

ωn�2

ω2n�3
.

For x P R, let Erxs P Z be defined by Erxs ¤ x   Erxs � 1. Since

1 &
1

N

Ņ

n�0

ωn�2

ω2n�3
¥
ωN�2

N

Ņ

n�Er 3N
4
s

1

ω2n�3
¥

ωN�2

4ω2Er 3N
4
s�3

, N P N,

there exists a constant C � Cpωq ¡ 0 such that

ωN�2 ¤ Cω2Er 3N
4
s�3 ¤ C2ω2Er 3

4
p2Er 3N

4
s�1qs�3

¤ C2ω2Er 9N
8
� 3

4
s�3 ¤ C2ω 9N

4
� 1

2
¤ C2ω2N�4, N ¥ 18,

that is, supnPN
ωn
ω2n

  8.
�

Question: Is the reverse of Proposition 5 true?
Conditions for radial weights ω provided in terms of moments ωn, n P N, are useful for a

theoretical purposes, however they may not be handy because obtaining asymptotic estimates
of ωn, as nÑ8, may be a tough question for a general radial weight. Therefore, in order to
answer the above question, we will reformulate the condition supnPN

ωn
ω2n

  8.

The class pD consists of radial weights ω such that the tail integral

pωpzq � » 1

|z|
ωpsq ds, z P D,

is doubling, that is, there exists C � Cpωq ¥ 1 such that

pωprq ¤ Cpω�1� r

2



, 0 ¤ r   1. (2.2)

Lemma 6. [8, 14]. Let ω be a radial weight such that pωprq ¡ 0 for all 0 ¤ r   1. Then the
following statements are equivalent:

(i) ω P pD;
(ii) There exist C � Cpωq ¥ 1 and β � βpωq ¡ 0 such that

pωprq ¤ C

�
1� r

1� t


β pωptq, 0 ¤ r ¤ t   1;

(iii) There exist C � Cpωq ¡ 0 and γ � γpωq ¡ 0 such that» t
0

ωpsq

p1� sqγ
ds ¤ C

pωptq
p1� tqγ

, 0 ¤ t   1;

(iv) There exists a constant C � Cpωq ¡ 0 such that» t
0
s

1
1�tωpsq ds ¤ Cpωptq, 0 ¤ t   1;
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(v) There exists a constant C � Cpωq ¡ 0 such that

ωx ¤ Cpω�1�
1

x



, 1 ¤ x   8;

(vi) There exists λ � λpωq ¥ 0 such that»
D

ωpzq

|1� ζz|λ�1
dApzq �

pωpζq
p1� |ζ|qλ

, ζ P D;

(vii) The weight

ω�pzq �

» 1

|z|
log

s

|z|
ωpsqs ds, z P Dzt0u;

satisfies

ω�pzq � pωpzqp1� |z|q, |z| ¥
1

2
.

(viii) There exists C � Cpωq ¡ 0 such that ωn ¤ Cω2n for all n P N;
(ix) There exist C � Cpωq ¡ 0 and η � ηpωq ¡ 0 such that

ωx ¤ C
�y
x

	η
ωy, 0   x ¤ y   8;

(x) There exist K � Kpωq ¡ 1 and C � Cpω,Kq ¡ 1 such that 1 � ρnpω,Kq ¥ Cp1 �
ρn�1pω,Kqq for all n P NY t0u.

Observation: Look at the proof of the equivalence of the first five conditions
and condition (viii).

Proof. We begin with showing that (i), (ii) and (iii) are equivalent. To to this, let first ω P pD.
If 0 ¤ r ¤ t   1 and rn � 1 � 2�n for all n P N Y t0u, then there exist k and m such that
rk ¤ r   rk�1 and rm ¤ t   rm�1. Thereforepωprq ¤ pωprkq ¤ Cpωprk�1q ¤ � � � ¤ Cm�k�1pωprm�1q ¤ Cm�k�1pωptq

� C22pm�k�1q log2 Cpωptq ¤ C2

�
1� r

1� t


log2 C pωptq, 0 ¤ r ¤ t   1,

and hence (ii) is satisfied.
Assume next (ii). Let x ¡ 0 and γ � βp1� xq, where β � βpωq ¡ 0 is that of (ii). Then» t

0

ωpsq

p1� sqγ
ds �

» t
0

pωpsq1�x
p1� sqγ

ωpsqpωpsq1�x ds . pωptq1�x
p1� tqγ

» t
0

ωpsqpωpsq1�x ds
�
pωptq1�x
p1� tqγ

1pωptqx � pωptq
p1� tqγ

,

and thus (iii) is satisfied for each γ ¡ β.
Assume now that (iii) is satisfied. An integration by parts shows that» t

0

ωpsq

p1� sqγ
ds � �

pωptq
p1� tqγ

� pωp0q � γ

» t
0

pωpsq
p1� sqγ�1

ds,

and it follows that » t
0

pωpsq
p1� sqγ�1

ds .
pωptq

p1� tqγ
, 0 ¤ t   1.

By applying this for 1�t
2 in place of t, and by estimating the integral on the left downwards

to the integral over p0, tq, we deducepω �1�t
2

�
p1� tqγ

&
» t

0

pωpsq
p1� sqγ�1

ds ¥ pωptq » t
0

ds

p1� sqγ�1
�

pω ptq
p1� tqγ

, 0 ¤ t   1.

It follows that ω P pD by the definition. Thus (i), (ii) and (iii) are equivalent.
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We next show that (iii) implies (iv). A simple calculation shows that

sx�1p1� sqγ ¤

�
x� 1

x� 1� γ


x�1� γ

x� 1� γ


γ
¤

�
γ

x� 1� γ


γ
for all 0   s   1 and 1   x   8. Therefore (iii), with t � 1� 1

x , yields» 1� 1
x

0
sxωpsq ds ¤

�
γx

x� 1� γ


γ » 1� 1
x

0

ωpsq

xγp1� sqγ
s ds .

» 1

1� 1
x

ωpsq ds, 1   x   8.

Thus (iv) is satisfied. Further, (iv) with t � 1� 1
x implies

ωx �

�» 1� 1
x

0
�

» 1

1� 1
x

�
sxωpsq ds �

» 1� 1
x

0
sxωpsq ds� pω�1�

1

x



. pω�1�

1

x



,

and hence (v) is satisfied. Furthermore, (v) with x � 2
1�t and the inequality � log t ¤ 1

t p1� tq,
valid for all 0   t ¤ 1, yields

pω�1� t

2



&
» 1

0
s

2
1�tωpsq ds ¥

» t
0
s

2
1�tωpsq ds ¥ t

2
1�t pωptq � e�

2
1�t

log 1
t pωptq

¥ e�
2
t pωptq, 0   t   1,

and it follows that ω P pD by the definition. Therefore (i)–(v) are equivalent.
We next observe that (iii) implies (vi). Namely, (iii) yields»

D

ωpzq

|1� ζz|γ�1
dApzq �

» 1

0

sωpsq

p1� |ζ|sqγ
ds �

�» |ζ|

0
�

» 1

|ζ|

�
sωpsq

p1� |ζ|sqγ
ds

¤

» |ζ|

0

ωpsq

p1� sqγ
ds�

pωpζq
p1� |ζ|qγ

.
pωpζq

p1� |ζ|qγ
, ζ P D,

and thus (vi) is satisfied with λ � γ. Further, if (vi) is satisfied, then an integration by parts
gives

pωpζq
p1� |ζ|qλ

&
»
D

ωpzq

|1� ζz|λ�1
dApzq &

» |ζ|

0
ωpsq

s

p1� s|ζ|qλ
ds

� �
pωpζq|ζ|

p1� |ζ|2qλ
�

» |ζ|

0
pωpsq�p1� s|ζ|qλ � λp1� s|ζ|qλ�1|ζ|

p1� s|ζ|q2λ



ds, ζ P D,

and it follows that pωpζq
p1� |ζ|qλ

& |ζ|

» |ζ|

0

pωpsq
p1� |ζ|sqλ�1

ds.

By choosing ζ � 1�t
2 we deduce

pω �1�t
2

�
p1� tqλ

&
» 1�t

2

0

pωpsq�
1� 1�t

2 s
�λ�1

ds ¥ pωptq » t
0

ds�
1� 1�t

2 s
�λ�1

�
pωptq

p1� tqλ
,

1

2
¤ t   1,

and it follows that ω P pD. Thus (i)–(vi) are equivalent.
To see that (vii) is an equivalent condition, we first observe that the inequalities 1 � t ¤

� log t ¤ p1� tq{t, 0   t ¤ 1, yield» 1

r
ps� rqωpsq ds ¤

» 1

r
log

s

r
ωpsqs ds � ω�prq ¤

1

r

» 1

r
ps� rqωpsq ds, 0   r   1,
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and hence ω�prq �
³1
rps � rqωpsq ds for all r ¥ 1

2 . Thus ω�prq . pωprqp1 � rq for all r ¥ 1
2 . If

ω P pD, then

ω�prq &
» 1

1�r
2

ps� rqωpsq ds ¥

�
1� r

2
� r


 pω�1� r

2



� pωprqp1� rq,

and thus (i) implies (vii). Conversely, if (vii) is satisfied, then there exists a constant C �
Cpωq ¡ 1 such that

pωprqp1� rq ¤ C

» 1

r
ps� rqωpsq ds,

1

2
¤ r   1.

Let 0   p   1
C�1 , that is, Cp   p� 1, and set rp �

p�r
p�1 . Then

rp � r �
p� r

p� 1
� r �

p� r � rp� r

p� 1
�
pp1� rq

p� 1

and

pωprqp1� rq ¤ C

» rp
r
ps� rqωpsq ds� C

» 1

rp

ps� rqωpsq ds

¤ Cpωprq prp � rq � Cp1� rqpωprpq
� Cpωprq p

p� 1
p1� rq � Cpωprpqp1� rq

It follows that pωprq ¤ Cpp� 1q

1� p� Cp
pωprpq, 1

2
¤ r   1.

If C   2 we may take p � 1 and deduce ω P pD. For otherwise, fix p ¡ 0 sufficiently small and
use the argument employed in the proof of (i)ñ(ii) together with 1�rp � p1�rq{p1�pq � 1�r
to obtain pωprq . pω�1� r

2



,

1

2
¤ r   1.

This yields ω P pD, and thus (i)–(vii) are equivalent.
It is clear that (i) and (v) together imply (viii). Conversely, assume that (viii) is satisfied.

Let A � supnPN

�
1� 1

n�1

	n
  1, and fix k P N large enough such that CkA2k   1. Then

ωn ¤ Cω2n ¤ Ckω2kn � Ck

�» 1� 1
n�1

0
�

» 1

1� 1
n�1

�
r2knωprq dr

¤ CkA2kωn � Ckpω�1�
1

n� 1



, n P N,

and hence

ωn ¤
Ck

1� CkA2k
pω�1�

1

n� 1



, n P N.

If n ¤ x   n� 1, then» 1

0
sxωpsq ds ¤ ωn . pω�1�

1

n� 1



¤ pω�1�

1

x



,

and hence (v) follows. Thus (i)–(viii) are equivalent.
Assume now (viii) and let 1 ¤ x ¤ y   8. Then there exist n,m P N Y t0u such that

n ¤ x ¤ n� 1 and 2mn ¤ y ¤ 2m�1n. Hence (viii) yields

ωx ¤ ωn ¤ Cm�1ω2m�1n ¤ 2pm�1q log2 Cωy

¤

�
2y

n� 1

n� 1

n


log2 C

ωy ¤ C2
�y
x

	log2 C
ωy,
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and thus (ix) follows. The choice y � 2n � 2x in (ix) immediately gives (viii), and thus (viii)
and (ix) are equivalent.

It remains to show that (x) is equivalent to the other conditions. To see this, assume first
that there exist K � Kpωq ¡ 1 and C � Cpωq ¡ 1 such that 1 � ρn ¥ Cp1 � ρn�1q for
all n P N Y t0u. Let 0 ¤ r ¤ t   1 and fix n, k P N Y t0u such that ρn ¤ r   ρn�1 and
ρk ¤ t   ρk�1. Then

1� r ¥ 1� ρn�1 ¥ Cp1� ρn�2q ¥ � � � ¥ Ck�n�1p1� ρkq

¥ C�2

�
K�n

K�pk�1q


logK C

p1� tq ¥ C�2

�pωprqpωptq

logK C

p1� tq,

and hence

pωprq ¤ C
2

logK C

�
1� r

1� t


 1
logK C pωptq, 0 ¤ r ¤ t   1,

and thus (ii) is satisfied. Conversely, by choosing t � ρn�1 and r � ρn in (ii), we deduce

1 � ρn�1 ¤
�
C
K

� 1
β p1 � ρnq, and (x) follows by choosing K ¡ C. The proof of the lemma is

now complete. �

3. Main result

Our main aim is to prove the following.

Theorem 7. [11, Theorem 1] Let ω be a radial weight. Then, Pω : L8pDq Ñ B is bounded if

and only if ω P pD.

Bearing in mind, Lemma 6, Proposition 5 and (2.1), it is enough to prove

sup
zPD

p1� |z|2q

»
D

��pBω
ζ q

1pzq
��ωpζq dApζq   8

holds if ω P pD. By using zpBω
ζ q

1pzq � ζpBω
z q

1pζq, this is equivalent to prove that

sup
zPD

p1� |z|2q

»
D

��pBω
ζ q

1pzq
��ωpζq dApζq   8. (3.1)

Consequently, Theorem 7 will be obtained joining Lemma 6, Proposition 5 and the next
result.

Proposition 8. Let ω P pD. Then, (3.1) holds.

A proof of Proposition 8 follows from [11, Theorem 1]. In these notes, we will present an
unpublished direct proof, which uses the same circles of ideas. In order to get this aim we
introduce some notation and results.

The Riesz projection (that is the orthogonal projection R : L2pBDq Ñ H2) given by

Rfpzq �
1

2π

» π
�π

fpeit

1� e�itz
dt, f P L1pBDq, z P D,

is a bounded operator from LppBDq to Hp if and only if 1   p   8 [4, Chapter 3].
As a by product of this result we can obtain the following.

Corollary 9. Let 1   p   8, then there is a constant Cppq ¡ 0 such that����� 8̧

kPJ

pfpkqzk�����
Hp

¤ Cppq}f}Hp ,

for any fpzq �
°8
k�0

pfpkqzk P HpDq and any subset J of NY t0u.

Applications of Corollary 9 for J � In � tk P NY t0u : 2n ¤ k   2n�1u, NY t0u, are really
useful for the study of function theory and operator theory on spaces of analytic functions in
D. Corollary 9 does not remain true for 0   p ¤ 1. With the aim of presenting a ”substitute”
of Corollary 9 for 0   p ¤ 1, we introduce the following notation and results.
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3.1. Estimates of the integral means the derivative of the Bergman reproducing
kernel. Let W pzq �

°
kPJ

bkz
k be a polynomial, where J denote a finite subset of NY t0u and

fpzq �
°8
k�0 akz

k P HpDq. The Hadamard product

pW � fqpzq �
8̧

k�0

akbkz
k, z P D,

is well defined. Furthermore, it is easy to observe that

pW � fqpeitq �
1

2π

» π
�π
W peipt�θqqfpeiθq dθ. (3.2)

For a given C8-function Φ : RÑ C with compact support, set

AΦ,m � max
xPR

|Φpxq| �mmax
xPR

|Φpmqpxq|, m P NY t0u,

and define the polynomials

WΦ
n pzq �

¸
kPZ

Φ

�
k

n



zk, n P N. (3.3)

The next result can be found in [7, pp. 111–113].

Theorem C. Let Φ : R Ñ C be a compactly supported C8-function. Then the following
statements hold:

(i) There exists a constant C ¡ 0 such that

|WΦ
n pe

iθq| ¤ C min

"
nmax

sPR
|Φpsq|, n1�m|θ|�m max

sPR
|Φpmqpsq|

*
for all m P NY t0u, n P N and 0   |θ|   π.

(ii) If 0   p ¤ 1 and m P N with mp ¡ 1, there exists a constant C � Cppq ¡ 0 such that�
sup
n
|pWΦ

n � fqpeiθq|


p
¤ CApΦ,mMp|f |pqpeiθq

for all f P Hp, where M denotes the Hardy-Littlewood maximal-operator

Mpfqpeiθq � sup
0 h π

1

2h

» θ�h
θ�h

|fpeitq|dt.

(iii) For each 0   p   8 and m P N with mp ¡ 1, there exists a constant C � Cppq ¡ 0
such that

}WΦ
n � f}Hp ¤ CAΦ,m}f}Hp

for all f P Hp and n P N.

A particular case of the previous construction is useful for our purposes. By following [6,
Section 2], let Ψ : RÑ R be a C8-function such that Ψ � 1 on p�8, 1s, Ψ � 0 on r2,8q and
Ψ is decreasing and positive on p1, 2q. Set ψptq � Ψ

�
t
2

�
�Ψptq for all t P R. Let V0pzq � 1� z

and

Vnpzq �Wψ
2n�1pzq �

8̧

k�0

ψ

�
k

2n�1



zk �

2n�1�1¸
k�2n�1

ψ

�
k

2n�1



zk, n P N. (3.4)

These polynomials have the following properties (see [6, p. 175–177]):

fpzq �
8̧

n�0

pVn � fqpzq, f P HpDq,

}Vn � f}Hp ¤ C}f}Hp , f P Hp, 0   p   8,

}Vn}Hp � 2np1�1{pq, 0   p   8.

(3.5)
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Proposition 10. Let ω P pD. Then

M1pr, pB
ω
a q

1q . 1�

» r|a|
0

1pωptqp1� tq2
dt, a P D, r P r0, 1q.

Proof. Let us recall that

pBω
a q

1 pzq � ā
8̧

n�0

pn� 1qpāzqn

2ω2n�3
, a, z P D.

Firtsly, assume 1
2 ¤ |a|, r   1. Bearing in mind (3.5),

M1pr, pB
ω
a q

1qq ¤
8̧

n�0

}Vn � ppB
ω
a q

1qqr}H1 , (3.6)

On the one hand,

}V0 �
�
pBω

a q
1�
r
}H1 ¤

���� 1

2ω3
�

3arz

2ω5

����
H1

¤
1

2ω3
�

3

2ω5

.
1pωpr|a|qp1� r|a|q

» r|a|
4r|a|�1

3

dt

¤
1pωpr|a|qp1� r|a|q2

» r|a|
4r|a|�1

3

dt

�

» r|a|
4r|a|�1

3

1pωptqp1� tq2
dt ¤

» r|a|
0

1pωptqp1� tq2
dt r, |a| ¥

1

2
.

(3.7)

Analogously,

}V1 �
�
pBω

a q
1�
r
}H1 .

» r|a|
0

1pωptqp1� tq2
dt, r, |a| ¥

1

2
. (3.8)

Now, for each n P N, n ¥ 2, let us consider the following family of functions

ϕnpxq �
px� 1qsx

ω2x�3
χr2n�1,2n�1�1spxq,

1

4
¤ s   1,

for x P r2n�1, 2n�1�1q. Observe that dk

dxpω2x�3q � pω2x�3q
pkq �

³1
0 s

2x�3plog sqkωpsq ds, k P N.
So there is an absolute C ¡ 0 such that

pω2x�3q
pkq ¤ Cω2x�2, x ¥ 1, k � 1, 2.

Bearing in mind this observation, a calculation shows that there is an absolute C ¡ 0 such
that

|pϕnq
2pxq| ¤ C

px� 1qsx

ω2x�3
, x P r2n�1, 2n�1 � 1q.

Therefore, we may choose C8-functions Φ1,n with compact support contained in r2n�2, 2n�2s
such that Φn � ϕn in r2n�1, 2n�1 � 1s and C1 � C1pωq ¡ 0

AΦn,2 � max
xPR

|Φnpxq| � 2 max
xPR

|Φ2
npxq|

¤ C1 max
xPr2n�1,2n�1�1q

px� 1qsx

ω2x�3

¤ C1
2ns2n�1

ω2n
,

1

2
¤ r, |a|   1.

(3.9)
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Then, if a � |a|eiθ and s � |a|r,

Vn �
�
pBω

a q
1�
r
pzq � |a|

2n�1�1¸
k�2n�1

ψ

�
k

2n�1



pk � 1qp|a|rqk

ω2k�3
pze�iθqk

� |a|
2n�1�1¸
k�2n�1

ψ

�
k

2n�1



Φnpkqpze

�iθqk.

Threfore, Theorem C(iii), (3.5) and (3.9) imply that there is C � Cpµ, ωq ¡ 0 such that for
each n P Nzt1u

}Vn �
�
pBω

a q
1�
r
}H1 ¤ CAΦn,2}Vn}H1

¤ CAΦn,2

¤ C
2ns2n�1

ω2n

� C
2npr|a|q2

n�1

ω2n
,

1

2
¤ r, |a|   1.

Then by Lemma 11 (below, with k � 2)

8̧

n�2

}Vn � pD
µpBω

a qqr}H1 .
8̧

n�2

2npr|a|q2
n�1

ω2n

.
» r|a|

0

1pωptqp1� tq2
dt, r, |a| ¥

1

2
.

(3.10)

By joining (3.6), (3.7), (3.8) and (3.10) we deduce

M1pr, pB
ω
a q

1qq .
» r|a|

0

1pωptqp1� tq2
dt, r, |a| ¥

1

2
. (3.11)

Moreover, if |a| ¤ 1
2 or r ¤ 1

2 ,

M1pr, pB
ω
a q

1qq ¤
8̧

n�0

pn� 1q

2n�1ω2n�3
. 1. (3.12)

Thus (3.11) and (3.12) yields

M1pr, pB
ω
a q

1q . 1�

» r|a|
0

1pωptqp1� tq2
dt, a P D, r P r0, 1q.

This finishes the proof. �

Proof of Proposition 8. For any z P Dzt0u, by Proposition 10»
D

��pBω
ζ q

1pzq
��ωpζq dApζq � » 1

0
M1pr, pB

ω
z q

1qωprq dr

. 1�

» 1

0

�» r|z|
0

1pωptqp1� tq2
dt

�
ωprq dr

� 1�

» |z|

0

1pωptqp1� tq2

�» 1

t
|z|

ωpsq ds

�
dt

¤ 1�

» |z|

0

dt

p1� tq2
�

1

1� |z|
.

This finishes the proof. 2

In order to finish the proof of Proposition 10 we present the next technical result.
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Lemma 11. [9, Lemma 6] Let µ P pD, γ ¡ 0, m ¥ 0 and k P Nzt1u. Then,

8̧

n�0

kmnrk
n

µγkn
�

» r
0

dt

p1� tq1�mpµptqγ , 0 ¤ r   1. (3.13)

Proof. Since µ P pD,

8̧

n�0

kmnrk
n

µγkn
�

r

µγ1
�

8̧

n�1

kmnrk
n

µγkn

1

kn

kn�1¸
j�kn�1

1

.
r

µγ1
�

8̧

n�1

kn�1¸
j�kn�1

rj

pj � 1q1�mµγj

�
8̧

j�1

rj

pj � 1q1�mµγ2j�1

, 0 ¤ r   1.

Analogously, it can be proved that

8̧

n�0

kmnrk
n

µγkn
&

8̧

j�1

rj

pj � 1q1�mµγ2j�1

, 0   r   1.

Now, let us prove that

8̧

j�1

rj

pj � 1q1�mµγ2j�1

�

» r
0

dt

p1� tqm�1pµptqγ , 0   r   1, (3.14)

and we will get (3.13).
Assume without loss of generality that r ¥ 1

2 . Choose N P N such that 1� 1
N ¤ r   1� 1

N�1 .

Then, Lemma 6(v)-(ii) yields

Ņ

j�1

rj

pj � 1q1�mµγ2j�1

�
Ņ

j�1

1

pj � 1q1�mpµ�1� 1
2j�1

	γ & Ņ

j�1

» j�1

j

1

s1�mpµ �1� 1
s

�γ ds
�

» N�1

1

1

s1�mpµ �1� 1
s

�γ ds � » 1� 1
N�1

0

dt

p1� tqm�1pµptqγ
¥

» r
0

dt

p1� tqm�1pµptqγ .
Since Lemma 6(v)-(ii) allows us to establish the same upper bound in a similar manner, we

deduce

Ņ

j�1

rj

pj � 1q1�mµγ2j�1

�

» r
0

dt

p1� tqm�1pµptqγ . (3.15)

Lemma 6(ii) also implies

1

p1� rqmpµprqγ �
» r

4r�1
3

dt

p1� tqm�1pµptqγ , 1

2
¤ r   1.
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and the existence of a constant M � Mpp, ωq ¡ m such that pµprqγ
p1�rqM

is essentially increasing

(take M ¥ maxtγβ,mu). Hence,

8̧

j�N�1

rj

pj � 1q1�mµγ2j�1

�
8̧

j�N�1

rj

pj � 1q1�mpµ�1� 1
j�1

	γ
.

1

pN � 1qM pµ�1� 1
N�1

	γ 8̧

j�N�1

pj � 1qM�m�1rj

�
1

pN � 1qmpµ�1� 1
N�1

	γ
�

1

p1� rqmpµprqγ
�

» r
4r�1

3

dt

p1� tqm�1pµptqγ
.
» r

0

dt

p1� tqm�1pµptqγ .
and hence, this inequality together with (3.15) finishes the proof.

�

4. An extension of our main result

The question of which properties of a radial weight ω are determinative for Pω : L8pDq Ñ B
to be bounded maybe paraphrased in terms of the dual space of A1

ω because the dual pA1
ωq

�

can be identified with PωpL
8pDqq under the A2

ω-pairing

xf, gyA2
ω
� lim

rÑ1�

»
D
frpzqgpzqωpzq dApzq.

Our next result makes precise this statement.

Theorem 12. [11, Theorem 1] Let ω be a radial weight. Then the following statements are
equivalent:

(i) Pω : L8pDq Ñ B is bounded;
(ii) There exists C � Cpωq ¡ 0 such that for each L P pA1

ωq
� there is a unique g P B such

that Lpfq � xf, gyA2
ω

for all f P A1
ω with }g}B ¤ C}L}, that is, pA1

ωq
� � B via the

A2
ω-pairing;

(iii) There exists C � Cpωq ¡ 0 such that for each L P B�
0 there is a unique g P A1

ω such
that Lpfq � xf, gyA2

ω
for all f P B0 with }g}A1

ω
¤ C}L}, that is, B�

0 � A1
ω via the

A2
ω-pairing;

(iv) ω P pD.

Before proving Theorem 12, let us recall the reader that pA1
αq

� � B and B�
0 � A1

α under
the A2

α-pairing [15, Chapter 5]. Here B0 stands for the little Bloch space which consists of
f P HpDq such that f 1pzqp1� |z|2q Ñ 0, as |z| Ñ 1�.

Proof of Theorem 12. Theorem 7 gives (i)ð(iv).
Next observe that for each radial weight ω the dual space pA1

ωq
� can be identified with

PωpL
8pDqq under the A2

ω-pairing, and in particular, for each L P pA1
ωq

� there exists h P L8pDq
such that

Lpfq � LPωphqpfq � xf, PωphqyA2
ω
, f P A1

ω, }L} � }h}L8pDq. (4.1)

To see this, note that

xfr, PωphqyL2
ω
� xfr, hyL2

ω
, h P L1

ω, f P HpDq, 0   r   1. (4.2)
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If now h P L8pDq and g � Pωphq, then

|Lgpfq| � lim
rÑ1�

��xfr, PωphqyL2
ω

�� � lim
rÑ1�

��xfr, hyL2
ω

�� ¤ }h}L8pDq}f}A1
ω
, f P A1

ω, (4.3)

and hence Lg P pA
1
ωq

� with }Lg} ¤ }h}L8pDq. Conversely, if L P pA1
ωq

�, then by the Hahn-

Banach theorem L can be extended to a bounded linear functional on L1
ω with the same norm.

Since pL1
ωq

� can be identified with L8pDq under the L2
ω-pairing, there exists h P L8pDq such

that Lpfq � xf, hyL2
ω
, with }L} � }h}L8pDq, for all f P L1

ω. In particular, for each f P A1
ω we

have Lpfrq � xfr, hyL2
ω
� xfr, PωphqyA2

ω
by (4.2). Therefore

Lpfq � lim
rÑ1�

Lpfrq � lim
rÑ1�

xfr, PωphqyA2
ω
� LPωphqpfq, f P A1

ω. (4.4)

Consequently if (i) holds, Lpfq � xf, hyL2
ω
, with }L} � }h}L8pDq. Then if g � Pωphq,

}g}B � }Pωphq}B ¤ }Pω}}h}L8pDq � }Pω}}L},

Conversely, let h P L8pDq, and consider the functional defined by LPωphqpfq � xf, PωphqyA2
ω

for all f P A1
ω. Then LPωphq P pA

1
ωq

� with }L} ¤ }h}L8pDq by what we just proved. But by the

hypothesis (ii), there exists g P B such that LPωphqpfq � Lgpfq for all f P A1
ω, and }g}B ¤ C}L}.

Hence LPωphq�g represents a zero functional, and thus g � Pωphq with }Pωphq}B � }g}B ¤
C}L} � C}h}L8pDq. Therefore (i) is satisfied.

We now show that (iii) and (iv) are equivalent. Assume first ω P pD and let L P B�
0. We

aim for constructing a function g P A1
ω such that Lpfq � Lgpfq � xf, gyA2

ω
for all f P B0, and

}g}A1
ω
. }L}. To do this, let gpzq �

°8
n�0 pgpnqzn, where pgpnq � Lpznq

ω2n�1
for all n P N Y t0u.

Then

|pgpnq| ¤ }L}}zn}B
ω2n�1

.
1

ω2n�1
, n P NY t0u,

and therefore g P HpDq. If f P B with fpzq �
°8
n�0

pfpnqzn, then fr P B0 for each r P p0, 1q,
and

m̧

n�0

pfpnqprzqn Ñ frpzq, mÑ8,

in pB0, } � }Bq. Therefore

L

�
m̧

n�0

pfpnqprzqn� �
m̧

n�0

pfpnqpgpnqω2n�1r
n Ñ Lpfrq, mÑ8, (4.5)

which implies

Lpfrq �
8̧

n�0

pfpnqpgpnqω2n�1r
n � xf, gryA2

ω
, (4.6)

and hence ��xf, gryA2
ω

�� � |Lpfrq| ¤ }L}}fr}B ¤ }L}}f}B, f P B. (4.7)

Moreover, we just showed that pA1
ωq

� � PωpL
8pDqq, and hence each Ψ P pA1

ωq
� is of

the form ΨpGq � xG,PωphqyA2
ω

for some h P L8pDq with }Ψ} � }h}L8pDq. Therefore, as

Pω : L8pDq Ñ B is bounded by the first part of the proof, for each Ψ P pA1
ωq

� there exists
f P B such that ΨpGq � xG, fyA2

ω
with }f}B ¤ }Pω}L8pDqÑB}Ψ}, and hence a known byproduct

of the Hahn-Banach theorem implies

}gr}A1
ω
� sup

ΨPpA1
ωq
�

|Ψpgrq|

}Ψ}
¤ }Pω}L8pDqÑB sup

fPBzt0u

|xf, gryA2
ω
|

}f}B
. (4.8)

By combining (4.7) and (4.8), and then letting r Ñ 1�, we deduce }g}A1
ω
¤ }Pω}L8pDqÑB}L}.

Finally, by using that limrÑ1� }fr � f}B � 0 for all f P B0, and (4.6) we deduce

Lpfq � lim
rÑ1

Lpfrq � lim
rÑ1

8̧

n�0

pfpnqpgpnqω2n�1r
n � xf, gyA2

ω
, f P B0.
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Conversely, assume (iii). For each n P N Y t0u, consider Ln P B�
0 defined by Lnpfq �pfpnqω2n�1, where fpzq �

°8
n�0

pfpnqzn. There exists an absolute constant C ¡ 0 such that

|Lnpfq| ¤ C}f}Bω2n�1, n P NY t0u,

and hence }Ln} � supfPB0,f�0
|Lnpfq|
}f}B

¤ Cω2n�1. Moreover, 2Lnpfq � xf, enyA2
ω
, where enpzq �

zn. Therefore the hypothesis (iii) yields

ωn�1 � }en}A1
ω
. }L} . ω2n�1, n P NY t0u,

and thus ω P pD, by Lemma 6.
2
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